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The formulas for the empirical terms of other elements
can be obtained analogously.

In conclusion we would like to express deep gratitude to
Yu. V. Batrakov for valuable advice relating to the present
work.
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Decay of Shock Waves in Stationary Flows

O. S. RyzHOV

THE asymptotic laws of extinction of nonstationary shock
waves at great distances from the point of explosion were
found by Landau,! Khristianovich,? Sedov,® and Whitham?*
on the assumption that the medium is homogeneous (uni-
form). A study of the propagation of shock waves in a non-
uniform moving medium in the realm of geometrical acoustics
was carried out in the work of Keller.® Articles by Gubkin,®
Otterman,” Polianskii,® and the author® are devoted to a
refinement of the acoustical theory in which the nonlinear
nature of the gasdynamic equations is not taken into account.

The laws of extinction of weak shock waves in steady-state
supersonic flows have been studied less. They were estab-
lished by Landau! and Whitham for plane-parallel and
axially symmetric uniform flows. The behavior of plane
shock waves was studied in the work of Friedrichs!! with
a higher degree of accuracy in second approximation.

The present work explains the main features of the develop-
ment of shock waves of small amplitude in nonuniform steady-
state supersonic flows; the width of the perturbed region of
flow is assumed small as compared with the radius of curva-
ture of the density jump and with the distance at which the
parameters of the initial medium change essentially. On the
basis of the investigation, it was proposed that each small
element of the perturbed region in first approximation may
be examined as a nonstationary Rieman wave carried laterally
by the uniform flow. The laws of the variation of the param-
eters of the medium at the shock fronts may be then used with
the method similar to that used by Landau.! It appears,
however, that the results obtained in Ref. 9 for nonstationary
shock waves moving in a nonuniform medium cannot be
applied directly for a computation of steady-state supersonic
flows. The cause for this is included in the different laws
determining the variation of the width of the perturbed region
in steady-state and nonstationary processes.

1. The initial system of gasdynamic equations may be
written

bvi l@ . bpvi
vi ax,- + p bx.— =9 bx,

(1.1)
vi(0s/0z:)= 0 p = p(p,9)

Translated from Zhurnal Prikladnoi Mekhaniki i Tekhniches-
koi Fiziki (Journal of Applied Mechanics and Technical Physics),
No. 6, 36—43 (1961). Translated by Richard M. Holden,
Medford, Mass. This paper was reviewed for publication by
Joseph B. Keller, Professor of Mathematics, New York Univer-
sity.

Here v;, gi, , p, and s designate the velocity components
of the flow and of the mass forces, pressure, density, and
entropy at the point with the rectangular coordinates zi,
respectively. 'The usual tensor notation of the sums is used
according to the repeating subscripts 7, j, which take on the
values 1, 2, 3.

Subsequently, we shall examine only supersonic flows.
The required system of equations (1.1) will then be of the
hyperbolic type. The equation which determines the Ci-
characteristic surfaces ¢(2:;) = 0 of this system, may there-
fore be written

vin; +a =0 a = V/(dp/0p), (1.2)

Here a is the speed of sound and n; the components of the
normal to these surfaces, for which the following formula
holds:

O/ 0
Ny = —————e
V(0¢/0;)?
The system of gasdynamic equations (1.1) on the Cy-
characteristics takes on the form
P} Qv;
(v + any) a—i + ap(adi; + nav;) o, = PO
(1.3)

0
s

1 whent¢ =g
0 when 7 = j

Il

Equation (1.3) contains the derivatives of the sought func-
tions only along the Ct-characteristic surfaces.

We proceed to a study of the behavior of weak shock waves
in a nonuniform flow. We consider that, in an unperturbed
state, the pressure po, the density po, the speed of sound ag,
and the velocity components of the flow v, are given as func-
tions of the coordinates z;. Because of the smallness of the
amplitude of the density jump, the relative variations of all
the gas parameters at its front are small. Therefore, we
assume

p=p+p p=po+p
a=a + a v = o + v’

Here p’, p’, o/, and v’ are the excess pressure, density,
speed of sound, and velocity components of the particles in
the region of perturbed flow. The dimensionless values



2912 0. 8. RYZHOV

p'/po, 0’/ o0, &'/, and v;'/ae are small as compared with
unity; therefore, their squares will be disregarded later on.
We make two more assumptions with respect to the geo-
metric properties of the investigated flows; namely: we
consider that the region of perturbed motion of the gas is
narrow, l.e., its width Ay is much less than the characteristic
radius of curvature of the shock front B and the distance H,
at which the parameters of the medium in a state of equilib-
rium vary substantially. We shall also disregard the values
Ae/R and As/H as compared with unity. We assume, fur-
thermore, that in directions tangent to the front of the density
jump, all the excess values vary slowly (i.e., the variations
are assumed to be significant at distances of the order of B and
H).

In acoustical approximation, we can identify a shock wave
with the Ci-characteristic surface (1.2), whose equation
assumes the form

Yo + a0 = 0 (1.4)

as a result of neglecting the small values.

The characteristic curves (bicharacteristics) of Eq. (1.4)
are the trajectories of the elements of the surface of the shock
front or the rays; they are determined by a system of ordi-
nary differential equations

d.’Ei _ d?’Lq;
Vos - QN (nn; — 5“’) (bao/ oz; + nkavok/ 51;,-)

(1.5)

In steady-state supersonic flow, each element of the shock
wave surface in its movement along the ray passes through
the trajectory of the previous element in a manner similar
to any gas particle moving along the line of flow; it repeats
the path of the previous particle. We note that in the case
of steady-state flows the rays lie totally on the characteristic
surfaces ¢(z;) = 0, whereas in nonstationary processes the
rays in the space (z;) intersect the wave fronts (¢, z;) = 0,
nowhere touching these surfaces. This fact, as will be shown
later on, leads to different laws of extinction of shock waves
in steady-state and nonstationary processes.

The following relationships between the perturbed gas
parameters hold in first approximation at shock fronts of
small amplitude:

1 Mg — 1 1
P Tt o = 1 o = — o
p a’ P polo P Polo P
(1.6)
1 Ap —
_ L V—1p v = N
mg Dpotast (0V02>3 /p v (vs")
wherein »;’ = v'n;. For an ideal gas the coefficient m, is

equal to (k 4+ 1)/2 where « is the Poisson adiabatic index.
Since in the examined approximation the shock waves coincide
with the characteristic surfaces, formulas (1.6) may be used
to eliminate the functions p’, ¢/, and v;’ from Eq. (1.3) after
its linearization. As aresult, we have

1_ tﬁ _ 1 dpoto +
p’ dt 2p0t0  di
Lo Oy, o) _
3 (ao axj -+ ko bx,' + N ax7> =0 (17)
ko = 2mo -1
Here

d re}
at (vo; -+ aony) 8—56,

denotes the derivative along the ray, determined by system
(1.5). For an ideal gas, the coefficient &, is equal to the Pois-
son adiabatic index «x. Integrating Eq. (1.7), we obtain the
Keller formula that gives the law of variation of the excess
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pressure at the front of the density jump®:

. 22_0_’ l/Pollu
b L PooQo0
(1.8)

—oxp| & (a2 1, O Ovos
L = expl:2 fto <a°bx,~+ kobz,- +nm,«xi di

Here po’, poo’, and ag denote the excess pressure at the shock
front and the equilibrium density and speed of sound at the
initial time £, taken at the initial point of the ray. Since the

value of the ray velocity ¢ = 4 (wo; + aony)? will be

V02 — ag?, the time ¢ is associated with the length of the
ray I by the relationship

1
dt = —————=dl
\/1)02 —_ (102

Formula (1.8) is correct both for steady-state and for
nonstationary processes of shock wave propagation.

According to hypothesis, the width of the perturbed re-
gion Ax which analogously with the nonstationary flows will
also be called the wavelength, is small as compared with the
characteristic dimensions R and H, whereas the excess values
p’, p’, o/, and v;" change essentially in directions tangent to
the shock front only in distances of the same order as R and
H. It wasshown in Ref. 6 that, in such a case, formulas (1.6)
and (1.8) are correct in the entire field of the perturbed flow,
if we understand po’ to mean the excess pressure, taken at
the arbitrary point of the wave profile when ¢ = #,.

We denote the wavelength by A in acoustical approxima-
tion. We derive the law of variation of X when the wave
element is moving along the ray. To do this, it is convenient
to examine the structure of the perturbed region in steady-
state motion of the gas from the point of view of the non-
stationary flows.

We take an arbitrary point on the characteristic surface
which has the value zero of the excess pressure and surround
it with a small eylinder with an axis which coincides with the
normal 7ne: to this surface. As the bases of the cylinder, we
take the characteristic surface, where p’ = 0, and the surface
of the shock front. We call these surfaces the tail and front
of the wave, respectively. The wave element, included in
the examined cylinder, in the first approximation, in entirety,
is carried along the beam with a velocity ¢. By virtue of
formula (1.4), the rate of propagation of its tail along the
normal ng; to itself is equal to zero during the entire movement.
The rate of propagation of the front along that same normal
will be, obviously

vo = V(vos)? (1.9)

A0 (o 4 voitte:) /x4

Expressing g by means of Eq. (1.4) we find that the vari-
ation of the quantity A in geometric acoustics is determined
by the relationship

an oy, Ot
dt O

Solving this equation, we have

A = Ao exp (—- ftz vom,-g——zi_ dt) (1.10)
?

Here A, is the initial length of the wave element, the time ¢
is introduced by expression (1.9), but the subscript zero of
the normal component is omitted.

It follows from formula (1.10) that the wavelength varies
also in the approximation of geometric acoustics, if the me-
dium is nonuniform. However, the relationship for A, ob-
tained in Ref. 8, when studying nonstationary processes of
shock wave propagation is different from (1.10). This is a
direct result of the difference just indicated in the position
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of the rays relative to the characteristic surfaces in steady-
state and nonsteady phenomena. In turn, as will be seen
later on, it leads to the difference in the corresponding laws
of extinction of the excess gas parameters along the density
jumps.

2. Until now, the properties of shock waves have been
examined in the framework of geometrical acoustics. Let us
employ previous results to explain the properties of waves
with a small amplitude in the second approximation. Ac-
cording to the previous results, the structure of the perturbed
region in a steady-state flow will be examined from the point
of view of nonsteady-state motions.

First of all, we note that formulas (1.6), which determine
the relationships between the values p’, p’, a’, and v’, corre-
spond to flows of the ordinary wave type.'> Therefore, if
there is a diverging shock wave with a small width of per-
turbed region in the nonuniform supersonic flow, each of its
small elements can be examined as a plane Rieman wave that
is carried laterally by a uniform flow with velocity go. When
discontinuities are present, the Rieman solution loses signifi-
cance; however, for waves of small amplitude with an ac-
curacy up to the terms of a second order relative to p’/ps,
the wave remains ordinary.

Let us examine the movement of the wave element in more
detail, whereupon, for the sake of simplicity, we shall con-
sider that all the excess values of the perturbed region,
bounded by the shock front, have a triangular profile. The
velocity U of the phase translation of the profile in the Rieman
solution is equal to!?

U = vy + a0 + mo(p’/ potio) 2.1

where v, is the velocity of the particles in a perturbed flow.
According to equality (2.1), the points with large excess
pressures in time pass the points which have less excess pres-
sures. The solution ceases to be single valued. Difficulty
is removed by introducing a surface of discontinuity. Its
location is determined by a simple geometric condition that
states that the area under the curve deseribing the profile of
the wave element remains the same as that for the multi-
valued curve determined by the Rieman solution.!

Let us derive an equation according to which the distance
I’ varies, which separates the points with a zero excess pres-
sure and the points corresponding to the maximum excess
pressure in a continuous three-valued solution. As in the
first-order theory just examined, the rate of propagation of
the tail of the wave element, where p’ = 0, along the normal
ng: to itself, remains equal to zero during the entire move-
ment. The rate of propagation of the points with a maxi-
mum excess pressure along that same normal is given by

0 57007 !
Vg <ao+vono> 4o 2
o Polho

Expressing a, with Eq. (1.4), we then have

ar , on; p’
e Fou o; o

0 (2.2)
Polo

We will write its solution in the form

b o, O
l—‘\—i—exp( ftovom,axjdr X

) "o O Y
fto I:poaoexp <flnvmn,axjdr>p:|dr (2.3)

Here the time ¢ is introduced by Eq. (1.9), the value X by
Eq. (1.10), and the zero subscript of the component of the
normal, as before, is omitted.

Formulas (2.2) and (2.3) indicate that the propagation of
the density jumps in nonuniform supersonic flows is accom-
panied by a peculiar superposition of the acoustical effect of
the wavelength variation when passing through the layers
with different unperturbed parameters and a phenomenon
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caused by an effect of a higher order with respect to ampli-
tude.® In geometric acoustics, the values I’ and A coincide.

Using the geometric condition just stated, which deter-
mines the position of the shoek front in Rieman solution, it
is now easy to obtain expressions for the width of the region
of perturbed flow Ay and of excess pressure at the shock front
ps’ in the higher than the geometric acoustical approxima-
tion. Wehave

po’ 3 My 1
>\*=>\{1+ _f[ LIV,
Ao \/Poo oo ¥ %0 \/Poao L
T on; , , /2
exp (ﬁo Vol ou; dr >:| dr} (2.4)
1 polo {1_{_ pol ftl: o lx
. [ —
P Po L ‘/poo(loo >\0\/P00a00 to \/poao L

, on. —112
exp <fto V0Tl % dr')] dT} (2.5)
1

dt = dl/ Vet — ag?

It should be noted that formulas (2.4) and (2.5) differ from
the corresponding equalities given in Ref. 9 and those that
determine the laws of variation of wavelengths and excess
pressure at the shock front of nonstationary waves. The
reason for this, as already stated, is explained by the fact that,
in geometrical acoustics, the rays in nonstationary phe-
nomena intersect the region of perturbed flow in physical
space (x;), whereas, in steady-state phenomena, they are
entirely propagated within it, never passing beyond its
boundaries.

3. Consider in particular the case of plane-parallel flows,
which has great practical significance.

The equality

dn = '—‘Ed(ao + 00) (31)

is correct for the increment of the unit vector of the normal
n to the characteristic curve when passing between two
infinitely close characteristics.

Here = is the unit vector of the tangent to the characteristic
curve, ay = arc sin(ag/vo) is the Mach angle, and &, the angle
of inclination of the vector velocity with respect to a certain
fixed direction. Let this direction be taken along the z;
axis; the direction perpendicular to it, with axis z,. From
formula (3.1), it follows that

voz-dm = "‘UOi‘Cid(aO + "-?0)
Whence we obtain

Oy + )

o, (3.2)

Ny
—Vo:1; 67 = Vg COSQN;
i

where n; = —sin(ay + ), 72 = cos(ap + J¢). Employing
within the integral (1.10) the variable [ rather than ¢, we have
the expression for A in the form

A = Ao exp I:f;n, Laoa?—oz dl] (3.3)

Let us transform Eq. (1.8) giving the value of the coefficient
L. The first two terms in it are calculated without difficulty
using the values ag, v, and %. Actually, having designated
00 = costy and g = sindy, we will get

Ovej _ , Ol 0by;
bxi N 007 b.”l)j T adij

34)

The expression for the last term can be simplified some-
what. For this reason we shall differentiate relationship
(1.4):

nidl)oi = voidni —_ dao
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Hence we will get, considering Eq. (3.1):
nidvg; = Vo cosaddy — sinagydyy

We will represent the last term in the expression for L in
the form

dvy; o . f22
Nit; b_xo-, = ¥y COSaN; b_xj — sinqgn; a‘; (3.5)
Combining formulas (3.4) and (3.5) and using variable I
in the integral (1.8), we have

o dL R O 20,
L = exp {2 j;., I:ao oz; + kovo oz; -+ v cosan; o; -+

bvo

. dl
(koao,' — slnagn;) 5;’] Yo COSO[O} (36)

Equations (2.4) and (2.5) take on the form

po’ l me 1
Ae = A {1 + l: — — X
AoV pootioe ¥ 0 \/Poao L

_ o . D(ao + 1}0) ’ dO' 12
exp < j;n N o, do )] ” cosao} 3.7)

1 polto { Do’ fl |: My ];
[N X <1+ = — — X
bx bo L ‘/Pooaoo Ao\/pooaoo b \/Podo L
o b(ao ’l?o) ’ ] dr }_1/ 2
exp ( [ o1 ) ey 69

Here the values A and L are given by Eqgs. (3.3) and (3.6).
If the incident flow is homogeneous, L = 1. Considering
that it is directed along the x; axis, from Egs. (3.7) and (3.8)
we will get the asymptotic laws of extinction of shock waves,
which were established by Landau! and Whitham?0:

! — /2
e = N [1 4 Mo’ (@ — 2) ]

pobat? sindayy cOSOp
v’ = po’ I:l +

MoPo’ (X2 — Z20) ]_1/2
pebato? sinday oSO

Here by = \o/singy is the initial distance along the x; axis
between the density jump and the characteristic which has
the zero value of the excess pressure. If the shock wave is
produced by a thin profile set at a small angle of attack in a
supersonic flow, then the quantity b is equal to a part of the
chord of the profile from the tip to the point where the
tangent to its generatrix is parallel to the vector velocity of
the incident flow.

Let us examine the flow around a body of revolutiow. at a
zero angle of attack in a uniform supersonic flow. In this

case
1 71 Qo dl
L = exp [2 ﬁo r v cosoco]

Here r is the distance measured from the axis of symmetry
z1. Since dl = cotay dr, the expression for L takes on the
form

L= Vr/r

Taking the equality obtained into account, from relation-
ships (2.4) and (2.5) we can easily introduce the asymptotic
laws of extinction of shock waves in flows with axial sym-
metry (1.10):

o 214 2 Vol =

/)\*=)\n

P’ = Do ‘/? [1 +

pobove? sindayg cosay

2mop0' '\/7;('\/’;— '\/’I;):I"“ll2

pobol’oz sin3 &y COSY
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4. For plane-parallel flows, we shall show that the stated
results, based on a conception of a small element of a per-
turbed region of flow having been established as a Rieman
wave, coincide with the results which we can obtain by ordin-
ary methods. Actually, in geometrical acoustics, the incre-
ment d\ of the width of the region of perturbed movement is
determined by the expression

a(ao + &) dl

d\ = \n; o1,

(4.1)

which leads to formula (3.3).

Furthermore, any small element of the perturbed region can
be considered as a Prandtl-Meyer flow, bounded by the shock
wave. But the connection between the gas parameters in
Rieman and Prandtl-Meyer solutions, as indicated by A. A.
Nikol’skiil® is the same in the first approximation, if we
identify the velocity of the particles in the first solution with
the components of the velocity with respect to the normal to
the characteristic in the second.

It is easy to show that this connection remains the same
with an accuracy to the terms of the second order relative
to p'/po. It is also easy to show that in the case when the
gas parameters in a Prandtl-Meyer flow vary little, the
veloeity component along the characteristic in the first ap-
proximation will be the same for the entire flow. Thus, any
small region of such flow may be considered as an elementary
Rieman wave carried laterally by a uniform flow. It re-
mains to be shown that the angles of inclination of the char-
acteristics in Prandtl-Meyer flow and the location of the
density jump are described correctly using the considerations
introduced from the view-point of nonstationary movements.

In Prandtl-Meyer flow, the difference (o’ + ¢#’) between
the angle of inclination of the characteristics which have
the pressure p’, and the angle of inclination of the character-
istic with p’ = 0 is given by the expression?2

a + ¢ = mg tanao(p’/ poo?) (4.2)

The rate of the phase propagation U in a Rieman wave
running against the flow, which has a sound velocity, ac-
cording to formula (2.1) is ‘

U = mo(p’/ potio)

Having divided this expression by the value of the ray
velocity go = ap/tanca,, which coincides with the velocity of
the lateral drift of the wave, we will get, obviously, the incre-
ment of the angle of inclination of the characteristic with
Prandtl-Meyer flow. It agrees with Eq. (4.2).

With similar considerations we can also introduce a formula
giving the difference 8’ between the angle of inclination of the
shock wave and the angle of inclination of the characteristic
in an unperturbed flow. For steady-state gas movements,
we have!?

B’ = $mq tanay(p’/ pet?) (4.3)

The rate of propagation N of a shock wave in the direction
against a sonic flow is determined by

N = 3mo(p'/ potio)

In order to obtain the deviation of the angle of inclination
of the density jump B’ relative to the characteristic with a
zero value of the excess pressure, it is necessary, as before, to
divide the last expression by g, = ap/tanc,. As a result, we
will arrive at Eq. (4.3), by which the proof is completed.

It is evident in the example of plane-parallel flows that
both approaches to the problem of the laws of the develop-
ment of density jumps in steady-state supersonic flows are
the same and lead to the same results. However, study of a
general case of spatial gas motions is considerably simpler
if it is carried out from the point of view of nonstationary
motions, since flow in a Rieman wave has only one dimension.
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In conclusion, let us note that the theory that has been
developed is correct so long as

Do’ i my 1
R,H >\ =)\{1+ [ —-— - X
* ko\/Poo Qoo ‘]:" \/Poao L

- ) 1/2
exp <ﬁ0 Vit g% dr’):l dﬂr}
?

is fulfilled, which can restrict the limits of its application
when ! - «. In the case when H >> A4, Egs. (2.4) and (2.5)
have an asymptotic nature.

The author sincerely thanks Iu. D. Shmyglevskii for his
discussion, which hastened the completion of the present
work, and also A. I. Golubinskii, M. D. Ladyzhenskii, and
O. Iu. Polianskii for their discussion of the results.

—Submitted September 13, 1961
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Reaction of Producing Hydrogen Peroxide in Liquid Ammonia

K. E. Mironov, B. S. DZIATKEVICH,
AND T. I. ROGOZHNIKOVA

HE study of reactions of peroxide compounds in liquid

ammonia is particularly interesting. Peroxides in this
solvent were first obtained by the action of dry oxygen on
solutions of alkaline metals! and alkaline earth metals.?
Afterward these reactions were studied in detail.?™® The
reactions of the double exchange between suspensions of
hyperoxides of sodium and potassium and solutions of ni-
trates of various metals were investigated.®~'! In the
separation of inorganic ozonides, ammonia was used as a dis-
solvent.'% ¥ References to the study of reactions between
hydrogen peroxide and alkaline metals or their derivatives
in a solution of liquid ammonia were not found in the litera-
ture.

At temperatures below —30° and concentration of more
than 359, by weight, hydrogen peroxide-forms sufficiently
stable solutions in liquid ammonia.!* In water solution
the dissociation K of H,O, after the first stage is equal to
~1 X 1072, In liquid ammonia it should increase, since
affinity for the proton of the molecule of this solvent is greater
than for the molecule of water. Alkaline metals, their amides,
and a number of salts, such as nitrates, nitrites, perchlorates,
rhodonides, and others, form stable solutions in liquid am-
monia. We undertook a thermodynamic evaluation of the
possibility of reactions between hydrogen peroxide and the
enumerated classes of compounds (metal, amide, salt of
oxygen acid) in liquid ammonia. As an example sodium and
its derivatives were chosen.

Standard thermodynamic data for the substances parti-
cipating in the reaction were taken from literature, 519 §° data
for NaNH, (solid) and NH; (liquid) were not found. The
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absence of S° values for any amides does not permit us to
estimate this quantity for NaNH,; S°NH; (liquid) was as-
sumed equal to 28 cal/deg-mole, taking into account changes
of 8° for HyO and H,0; as a function of AH® at the transition
from liquid into the gaseous state. Results of the calcula-
tion are given in Table 1.

The displacement of hydrogen from H;0. by metallic so-
dium according to reaction 1 ought to be no less successful
in ammonia than in ether.?® The interaction of amide with
H,0, by reaction 2, corresponding to the process of neutraliza-
tion in water solution, ought to proceed in the direction of
creating sodium peroxide. This is confirmed by the substan-
tially larger negative AH® value of the reaction, which will -
hardly permit us to obtain a positive AZ° value after ac-
counting for the entropic term.

Judging by the magnitude of AZ®, reaction 3 in liquid am-
monia ought to proceed from right to left, that is, an accu-
mulation of hydrogen peroxide will take place. Calculation
of the magnitude AZ® of the reaction 3 for the temperature
range —50° to +100°C gives for —50° the value +6 keal/
mole and for 100° the value +-22.4 keal/mole. The preserva-

Table 1 Evaluation of the possibility of producing
hydrogen peroxide reactions in liquid ammeonia

S°,
AH®, keal/ AZ°,
keal/ deg- keal/
Reaction mole mole mole

1) 2Na(s) + H.O(1) = NasOu(s) +

H: (g) —85.8 +7.4 —83.6
2) 2NaNH2(s) + HzOz(l) =

NazOz(S) + 2NH3(g) —53.0
3) 2NaNOy(s) + H.0:(1) =
NagOu(s) + 2NHNO(s) +6.6 —39.0 -18.2




